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XVI. On the Method of Symmetric Products, and on Certain Circular Functions con-
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IN a paper printed in the second part of the fifteenth volume of the ¢Manchester
Memoirs,” I have given a systematic exposition of Mr. CockLr’s Method of Symmetric
Products, and its application to the finite algebraic solution of the lower equations. In
that paper, to which I shall in future refer as my original memoir, I have also defined
a new cyclical symbol, and I have by its aid succeeded in effecting the direct calculation
of a certain sextic equation, on whose solution that of the general quintic may be made
to depend. In an Addendum I have pointed out the connexion between the circular
functions which occur in my own researches and those to which we are led by the
theory of LaGrANGE and VANDERMONDE, and, by means of the cyclical process, I have
given a neat expression for the first coefficient of LAGRANGE’S reducing equation. These
researches I have followed up in an article “ On the Theory of Quintics,” in the third
volume of the ¢ Quarterly Journal of Pure and Applied Mathematics.” My present pur?
pose is not to repeat, but to endeavour to generalize and extend former results. I shall
therefore content myself with a very brief résumé of my investigations, referring the
reader for details to the above works. Mr. CockLE's earlier researches on the subject
were published in a series of five papers “ On the Transformation of Algebraic Equa-
tions,” printed in the first and third volumes of ¢ The Mathematician *.’

SectioN 1.

The Method of Symmetric Products, and a New Application of it to the Solution of the
Lower Equations. ‘

1. Any n symbols x,, #,, &3, . .. &, may be regarded as the roots of an equation of the
form

(¢, 0, ¢, ... Y&, 1'=a(z—a)(x—a,)(@—25) . .. (2—2,)=01.

% The first paper of the series appeared in ¢ The Mathematician’ for March 1844. Mr. Cocxie’s sub-
sequent contributions to the subject will be found in the ¢ Mechanics’ Magazine,’ the ¢ Cambridge and
Dublin Mathematical Journal,” the ¢ Lady’s and Gentleman’s Diary,” the ¢ Philosophical Magazine,’ ¢ L1ou-
vinie’s Journal,’ the ¢ Quarterly Journal of Pure and Applied Mathematics, the ¢ Manchester Memoirs,’
and elsewhere.

+ Throughout the whole of this paper I adopt Mr. CAYLEY’s quantical notation. In the ordinary nota.
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328 REV. R. HARLEY ON THE METHOD OF SYMMETRIC PRODUCTS.
Let X,, X,, X,, ... X,_, be linear unsymmetric functions of # and of the form

PR RNy N B Sy SV RN By NI

where the n—1 constants %,, &, ... k,, are arbitrary. Then if # be less than 5, the
constants which occur in the n—1 functions may be so distributed and determined as

to render the product
7,..(2) or X, X, X,...X,_,

(or, when n=2, X?) symmetric relatively to #; but if » be equal to, or greater than 5,
the symmetry is not in general attainable. The product =,_,(«) is called the symmetric
or resolvent product according as it is or is not symmetric. "When this symmetry exists,
7,-(2) can of course be expressed as a rational function of the coeflicients @, &, ¢, &c.
When it does not exist, we form the analogues of the functions which enter into the
symmetric cases, and the symmetric product II(z) is then obtained by multiplying
together the several unequal values which the resolvent product #,_,(x) can be made to
take by the permutation of the #’s; and II(2) may, in this case also, be expressed as a
rational function of the coefficients.
2. The simplest case is the quadratic

(@, b, &, 1P =a(r—a,)(x—2,)=0.
{m(2)=X=(2+kz.),

Here

and it is seen at a glance that when Z=—1, X is unsymmetric and X?* is symmetric.
Hence
o1 PR
X2=(2x)2—4x,w2=gé(b2-—4cw),

and the roots of the quadratic are
ool —btam(2)) =5-(—b /T 4ac).
3. The next case is the cubic
(@, b, ¢, A&, 1P=a(x—a,)(x—2;)(x—a5)=0.
X, =a,+ kb, k, |
Xo=a,+ks+ 2,
mo(2) =X, X,;

Assume

vand

tion (a, b, ¢, ... [, y)"* would be written
ag"+ ban=1y +can~%%+ &e.,
and (a, b, ¢, ... Y, )" would be written

n(n 1)

a.z'”+ bx”“ Ly =2 ean—%2 4 &e.
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then, combining the conditions of symmetry, and rejecting those values of % (%, or &,
indifferently) which render X symmetric, we find

B4-k4+1=0,
that is, & is an unreal cube root of unity. Represent this root by , and put
@) =2+ o @, 4o’xs;
fw)=atantan,
7(@)=f(2). flod) = (S — 83,0 = 50— Bac).

If, in evolving the roots by this method, we replace f{«) by f, and #,(z) by =, there will
result

then

and

f=$x+“ Zyt0’xs,

™
7:.%'1 +o’xyt o 2,

b
=0t Tt 2
so that

5 =; 04300,
o+ =g (4 3az,),

wf+ ;"}_—_% (b+8amy);
and therefore
a8
Fo+Fa=g5 (1, — 38, B'ac, —8adYD, 1)
= (— 20+ 9abo—2Ta0)

whence, solving as for a quadratic in f*, restoring the value of #, and extracting the
cube root, we have

f=;:18/—§{—-27a2d+9&60—2b3+3a\/§(27a2d2_18abcd+4a03+4bad_bgoz)%}s’

and the roots of the complete cubic are included in the formula

1/ .. x b
where m=1, 2, or 3.

In my original memoir I followed Mr. CockLE, and in the application of the theory
to the solution of the cubic and the biquadratic, I employed a subsidiary equation of
the same degree. This equation was obtained by eliminating 2 between the given one

and
y—H(@)=0,
2z2
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) being rational and so constructed as to make #(y) vanish. It is true that the eva-
nescence of # leads to an immediate solution, and that when y is known, # is also known.
But this evanescence is not essential to the theory; and we are conducted to more signi-
ficant results by dispensing with it.

4. For the quartic
(@, b, ¢, d, ¥, 1)=0,
assume (cyclically)
X1=wl+751x2+k2x3+lcaw4,

X,=a,+kx, ka4,

Xo=a,+kx. -+ bw,+-Eoy,
and (1) =X, X, X,.
Then, as before, combining the conditions of symmetry and rejecting those values of %
which would render X symmetric, we are led to the cubic

P+P—k—1=0,

of which the roots are —1, 1 and —1. Let therefore

X, =, — 22—

X, =8, 4 2y —T— %4

X3=‘T1 —.1'2—&'3‘-]-@'4,
then '

a(2) =X, X, X,=(22)*—43aZ0,2,+ 82w1x2x3=alg (— b+ 4abe—8a?d).

5. The following solution is due to Mr. CockLE, who communicated it to me in Sep-
tember of last year. It may be considered as an extension of a solution of the complete
cubic which I sent to him in January of the same year, and -which, not essentially
differing from the above, has a certain resemblance to that given by Murrny in the
¢ Philosophical Transactions’ for 1837.

Let
- ,f1=w1"'1'2+xa""x49
and
ﬁ=w1+xz—x3—m4;
then

T
FRT TS
and as in cubics,

fibfim = L (0 az,),
—firtfim =g (0 das),
o= =g (b,

—fi=furbste =5 (0 daz);
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therefore
2 \ 2
(Frri=75) —aprs
=L(1, =48, 200, —L002d, 4409YD, 1"
=1, (256a%e— 64abd -+ 16ab’o— 30°);
and -

FUFi+ fia= g0+ 2aSa+darse?)

=2 (—8ac+38%);

consequently .
(Ftpt 2) = (Prfi— i) 4R
=1 {(8a0— 381"y — (2566 — 64abd -+ 16abc—309)) ;
or

FFf. f}a"‘ 1. fffz=$(—64aae+16a’bd+16a’c’—16ab2o+ 354).

It hence appears that f%, /2 and ~——;‘, are the roots of the cubic

(a, 8a°c—3ah, —64a® e-|-16a2bd+16ac—16ab”c+3b4, a7 F?, 1)=0.

When f'is known, # is given by
v=} (ftfity T —0):

and the corresponding formule for z,, &, #, may be readily obtained.
6. Next, for the quintic

(e, &, ¢, d, e, Y, 1)°’=0,

assume
X, =a,+ka,+ ko, v ks,
Xy=a, 4kt ko, kv, ks,
Xy=a,+kx,+ b, +‘ o+ ko,
X, =u,4+kx,+kx+ b,
and 7(2) =X, X, X,X,.

331

In regard to the above distribution of the constants k,, k,, %., %, it will be observed

that they are arranged according to the following scheme: -
1 2 3 4

2
3
4

[ I
=N

1
4
2
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That is, the four horizontal rows read downwards are identical in value and order with
the four vertical columns read from left to right, while %, and %, lie in inverse symmetry
upon, and %, and %, around, diagonals. Probably no other distribution would render
#(#) more nearly symmetrical *.

Combining, as in former cases, the conditions of symmetry and rejecting incongruous
results, we arrive at the quartic

BB E+1=0,

of which the roots are the unreal fifth roots of unity. - Let then o, 4%, &* and «* denote
these roots, and let ’

S (@)=a+ao S A R SR

then
f (W2)=-771 +o’2y+ o't o v, 0%,
f (W3)=~T1 N K% R SRR SR
I (@")=a, 4 o', + o'+ 0’2+ 2,
and ‘ ; ' '
72 )=fw). [*) ") fla*)
=(2~Z‘)4 _ 5(263)22-'1711'2"‘ 5(2“'13?2)2 + 577!
= ‘% (b*—dab*c+ 5a202)'+ Hre,
where
7 =%, 0o+ 20 22 2,
and

v =28, 2,0, + 0,0+ 2.2, 4 0,2,

These two functions, = and ¢/, are circular, and complementary to each other. Since
their product is unsymmetric relatively to @, it follows that #,(#) cannot in general be
rendered symmetric. Before proceeding to discuss this product, it will be convenient to
introduce some other matters connected with the general theory.

SucrioN TL.—Circular Functions and the New Cyclical Symbol.

7. In the transformation and gemeral treatment of the higher equations circular func-
tions occupy a conspicuous place, and play an important part. An attentive considera-
tion of the structure of such functions will enable us to devise a calculus whereby opera-
tions upon them will be materially abridged. The theory is far from being complete,
and its practical application admits of great improvement. In my original memoir I
‘have proposed and applied a symbol which not only helps, I think, to throw some light
on the general theory, but also enables us to effect with ease and rapidity calculations
which would otherwise be very laborious, if not wholly impracticable. The method
there employed exhibits to the eye and to the mind the various combinations of dimen-

* When all the divisors of # are even, a cyclical arrangement must be adopted, as in the case for quartics

(art. 4). 'When 2 is prime or odd, an arrangement similar to the above, or a modification of it, will probably
be found available.
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sions without rendering it necessary to examine all the results of multiplication, or to
make a hazardous selection of those which may be deemed material. Combining as
many terms (n) in one as there are roots involved, the cyclical symbol reduces the labour

o ye e —1 . . ' . . .
of multiplication alone by %th; and in passing from the circular to the corresponding

symmetric function the process also affords considerable facilities.
8. Let %(0) be a function of #, and let x(g) be derived from x(0) by advancing each
of the roots contained in its ¢ steps in a given cycle . Ex. gr. Suppose that

%(0)=a2\2,, R g
and that we are following the first cycle, which, indeed, may be taken / A
as a type of all others, and is found in actual practice to be the most ¢| .
easy with which to operate. Then, according to the definition, \ /
(1) =, pa—

%(2) =,
x(n—1)=a,m,
x(n)  =x2,=x(0),

Or again, if we suppose #=29, and

x(0)=a} (@2, +2:2,),
then, following the same cycle, we have
x(1)=ai(s,F2.25),
XU 2)=x(w. 2+ 252,
x(3)=2a3(x 2 2.2,),
W)=y v+ a.m,),
%(0)=a3 (s +252,)=2x(0),
and so on. . A. o
Next, let 2,x(0) or, more simply, 3/x(0)* represent the circular function
%0)+x(1)+ ... +x(n—2)+x(n—1).
Then, since each root recurs at every nth step in the cycle, we have
xn)  =x(0),
x(n+1)=x(1),

x(+a)=x(9);

* When there is only one cycle involved in the operation, or when there is no comparison of cycles, it is
not necessary to suffix ',
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and therefore
)= x1)+x@)+ ... +xn—1) +xr)
= {x(1)+x(2)+ . - . +x(n—1)} +x(0)
=3/%(0).
2(2)==/%(1)=='%(0),
and by generalization and induction,
=x(@)==/x(0).
Hence
THEOREM I.—A circular function is not affected in value by the simultaneous advancing
or receding of the roots which it contains any number of steps in the cycle to which it

belongs.
Whence it follows that 3'y,(0).3/x,(0), or its equivalent,

{x:(0)+x(1)+... +X1(”'f2)+X1(73_1)} -2/x(0),

may be written

o(0)- Z:(0) (1) F1)+ - - 00— 2). Fxa(n—2) - xu(n—1). (1),
which is equal to

Similarly,

{x:(0). 2 x:(0)} 5

and by simply interchanging x, and y,, we have also
'51(0). 2y 5(0)=3/{+5(0).Z'x,(0)}.
Which gives us 2:(0)- 3xa(0)=2{x:(0)-2x:(0)}

TrEoREM IL—The product of two circular functions belonging to the same cycle is
itself a circular function to that cycle, and is given by the application of the cyclical
symbol to the product of either function into the initial or leading terms of the other.

It should be remarked that 3 is a symbol of cyclical operation, and subject to the
same laws, with certain obvious limitations as if it were a symbol of quantity. Thus

2 {%:(0)+x(0) 4 &e.} =3x,(0)+2/x:(0)+ &e.

and, in general, if we develope

{X1(0)+X2(0)+&C-}m
by the multinomial theorem, and then apply the symbol 3 to each term, the result will
be equal to

2 {%:(0)+ x2(0)+ &e.}™

It should also be remarked that if C be a function or quantity such that it is not

affected by the cyclical interchange of the roots, as when it is a constant quantity and
therefore independent of the roots altogether, or as when it is a circular function and
belongs to the same cycle as 3/y(0), then will

S/Cx(0)=Cz/x(0).

The foregoing theoréms are true for any circular functions whatever, whether rational
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or irrational, integral or fractional. But the following holds only for those circular
functions which are rational and integral.
TreoreM IITI. If X be a circular function of the form

3 vt txt&e.},
A=A 252527 . .. b A aasay . .. 2i A" &e.,

% being defined by

where @, (3, , ... £ are positive integers or (some of them) zero, and m is the number of
values of a52fa%. .. 2% or (what is the same thing) the number of terms contained in
Satasay . . . &, then will

3X=m (3 Su g 0t Tut&e.),
n' being the number of values of X, and 3y, being of the form
| (@ 4-a" a0+ &e.)Sasatay . . .k,

For if, as we are permitted, we fix one of the roots, and permute the remaining n—1
roots in all possible ways, there will arise 1.2.3...(n—1), or (say) p, corresponding
cycles; and if, for the moment, we represent by = the sum of the p expressions formed
by applying these cycles to any one of the values of X, then, since 3' consists of n, and
consequently 33 of np, expressions of the form

Xt 6+ %+ &,
and since also m=np, or a submultiple of np, it follows that
A n n n
SX=" Sy +E 3+ L S+ &e.
But SX=% 2>X. Whence the theorem.
9. The symbol 3 admits of an easy extension to functions of the form
Sre)=arteat+w+ . Fe T g T,

¢ being an nth root of unity, real or imaginary. For, if we represent this function by
2™, we shall have

S (e)- S (e =2 2" () =2 (e},

22 3, 2P =2 (a2, @") =3 (272 "),

or

where 3/ is the simple or ordinary cyclical function to the first cycle
123, (e=1)123...(n—1)...
This may be proved thus:—

Sr()=artearteiart . e Van e Van =3 am,

and ,
S )=al+ " L OO = e

* The idea of extending 3 to functions of this form was suggested to me by Mr, CoCKLE, in a letter
under date January 8, 1859.

MDCCCLXI. 3a
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whence, multiplying, bearing in mind that ¢"=1, and arranging the multiplicand as

below,
F{ G S Tl SRR i B L i)

+af(a7 eyl + . et 40T

+ap(aydear ettt .. 4o ap 4 y)

G o e SRR (AP o S B
we see that f™(¢%). f7(¢"?), or

p E;,,_.,x"=ﬁ’f{w{’(wi”+eqx;"+e2"w;”+ cos eI e}
=32 "),
which establishes one part of the theorem; and the other part is established by simply
interchanging m and p.
10. In order to illustrate some of the preceding properties of 3/, let us take one- of

the factors o
J(@)=a 4oz, + oz,
which enters into the symmetric product for cubics (art. 3). Then my(z), or

f(@). fle*)=3{@,(, + 0w, o’x;) }
=38+ (e+o?)3'2.2,

=203,y
Next, let us take the factor

Aw)=a,+wx,+00, 40’2, + o',

which enters into the resolvent product for quintics (art. 6). Then #,(z), or

(o) S} X ((F). A1)
=2"{&\(2, 4 2+ &2 F oA w'n,)} X
N (et o't o 2,4 0%5))
={22°+ (v +*)32 2,4 (0*+0*) S22, } X
{22+ (" +6°) 302+ (o +0*)222,}
=(22*)— 22’302, — (30,2, + 53,2, 5 w2,
which, by known relations among symmetric functions, may be readily put under the

form exhibited at the foot of art. 6.
I may notice here that if, in place of f{w), we had dealt with (), that is.

A VAL SRS SN A SN
we should have been led to

I(@) fr(@')=30" 4 (0 +o") Sa7ag + (o) FaTar,
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and , ;
' J™(@?). fr(e*)=32a""4(a* ) Saar 4 (wtw*)2arar;
and therefore to
(@) (). fr(e?). fr(o')= (22— Sa* Sarar — (Sarar ) 4 5 SararSaral,
which, when m=1, coincides (as it ought to do) with the above result.
11. The expansion of 3a7ar3/a72? may, by Theorems I. and II., be effected thus,—

otayzatey =Sty (aay +afay  tafay  tafal  +afap)
=3/(atragay  atragalaTayarar +aarar+ararer)
=a(agay  tagel  tafay  tafay) +Zatafatal;
or since

Sa(apal +ayal gy dapal + aga) +atal) =Satragay,
Doty S e ey =20 ey + Savarayal — Jain(ayay 4 ayar).
Consequently v
Fo(@). o). (o) f () = (S — Sam Sty
+BSatratay — (Savag) +5Sataarer —5¥at(agal +asey) ;
which, making m=1, gives the resolvent product for quintics #,(z)
=(32") — 20" 20X+ 5203, 0, — (32,2,)° + 522, 0,200 — D 2,20+ 2,2, ) 5
or, expressing the symmetric portion of thi§ value in terms of the coefficients of the
quintic, and writing A for the unsymmetric portion 'a}(2,2,+,2,), we have

7(@) = 11— 15a%+5a%bd+ e — Bablo+ 1) —5n.

I remark also that
1
77 = 302, 30 By = S S L, — A= —o(—3aet-bd)—n.

12. The number of unequal values of the several functions 7, ,:', 77, A and 7,(z) may
be determined by the following considerations. Since the coefficients of the several
terms in the expression for = are equal, we may, in forming its values, regard one of the
roots as fixed, while the others are permuted énfer se. Thus we shall have 1.2.8.4
cycles, giving rise to 24 corresponding expressions for 7; but since, for the first cycle,

7=z,x1w2=2’wlws,

and similar relations obtain for the other cycles, therefore these 24 expressions may be
grouped in pairs, the members of each pair being equal. Hence = has only 12 values.
In the same way it may be shown that +' has only 12 values. And since the several
values of #/ may be referred to the same cycles which arise in the formation of the values
of 7, and since also = and ' are complementary to each other (for their sum =3z,2,, a
one-valued function), it follows that #7/, and therefore also A and # (), are six-valued
functions. An independent proof that the resolvent product =,(#) is six-valued may be
found in my original memoir, Section IL.. art. 15.

2
>
Do
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13. Fixing two of the roots, #, and ,, and permuting the others, the following cycles
arise, viz. :— '

_____ 1
__________________
P . e ~ s ~a
R4 ..\ 7 o, s .
s N Ve N, ' .
N\, / , P4 N,
7 A 7 N / N
/ Ay / h / N
\ ’ N\ ’ AN
8 / \ 4/ \ a B/ \
f \2 7 \ )y \Q
i 1 A
i X ! ! \
: ‘. - } i \
i H
! 1 H ¢ 2 1 H B3 !
1 i 4 H \ !
% i Y s
kY / \ ] 1 H
5 / \ , A 7
\ / \ ; \ i
7/ Y 4 . 7
“\ / hY g 4
N / \, /
. S N 4 N, /
; \, s S /
5 E\i‘ /"; é" Y
Ny P ~ - ~. -
e S @ ST S @
- S—_— JUREE . [
> ~. = ~ -
g ™ s \‘\ s \‘\
” \ Ve N\ # "~
y \ , \ / S,
/ \ o \ / ",
/ \ 4'," \ / \
Vi ~
8/ \a i \2 3 \
/ 4 i 4 : 2
i H H '
1 . i 1
1
i H i H t !
1 I Y ! i o
1 i kY 7 1Y I
\ 12 3 / \ i
\ \ i \ :
\ / 5 7 \ /
\ / \ ; N 7
\, / N, J \, /
™, 4 AN / N ,
. v ™. 2 . i
S, 4 ~, o 7
B~ A 3 5 BN P
\\”Ns ..... o \"'--...._--" ¥ =~ -8

---------

Six values of # will then be included in the formula
2 t06 T

and the other values, which are in fact the corresponding values of #, will be included
in the formulee,

S 00,5 8% and = T2
The values of A are as follows :—
M= (B %), A= (0l 2),
Ay =204+ 2475), A =2,03(X 2+ 2575,
A=t (X s%s)y A= (BTt TLs)-
And by Theorem III., art. 9,

2%:%3— (141)Zaizm,=22052,7s,

a result which may be verified by actual development and summation. By Theorem II.
A =3 {035 23, ) 2021 (25 +75) }
=3[ 23(@.25+232) {03 275+ 2.+ 230, + 2475
F a2 Fasw,) F (@2 2,70) 23 (XA 20%s) } ] 5
or, multiplying out and reducing by the aid of Theorem L *, we have
=3 {(wla2a? Fataded) +2(ain, i)
+2(wlasnim it Aiwpaiay - atwia) }
F 230w, s 220 25 5

* In effecting reductions by the cyclical process, the greatest exponent is made the leading exponent.
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and, therefore, by Theorem III.,
SN2 =23xt w202+ 1230w, 20,0 0+ A2 iy - A3kt - 1 230300 2.
Operating in the same way upon 2% we are led to the corresponding value of 2%, and
thence to =A*. Repeating the operation upon 2% we find 3A*; and so on. But it may
be remarked here that in dealing with the higher dimensioned functions, it will be found

convenient to drop the subject # and to work only with exponents. Thus, following
the first cycle and omitting, for convenience, the unit-suffix, we have

A=3{(21001)4(20110)} =(21001)+(20110)
+(12100)4(02011)
+(01210)4(10201)
+(00121)4(11020)
+(10012)+(01102),

A=ST[{(42002)+(40220)} 42 {(33101)+(30311)}
+2{(32210)+(32021)+(31202)+(30122)}]
483424 4438921 4-238°2° 4 2{S4144- 5217},

And the passage to 3A° is easily effected. ~Carrying forward the calculation and collecting
results, we have*

3SA = 23213

SA= 23420 4+ 125414 4 458°1* 4 43327141252°17,

SA= 2363* -+ 2362°1* 4 335421 + 63532
+ 855321°4 634281 +12354721° 4125482
+ 854371 4 6343271 4-48542¢ 245321
41253298 42{341¢ + 3201%)3h,

Sa= 2584 4 458371 412382¢ + 437531
+ 437432 +163742°1 416373221
412562 4 436541 +2036531°
424565271 41256422 +203647124+243643°
428564321 452363222 1245542 2435241
4+4855°3 41635321 72355228 +44554221

and

Thus if, in the expression 'a{a5a%alat, we suppose (ex. gr.) that, of the five exponents, y is the greatest,
then this function must be replaced by its equivalent Z'alalatalsg. Or, suppose that the greatest exponent
(y) is repeated, and that the function takes the form Yataba¥alat ; then this must be replaced by
Saalatalas ; and so on. Following this method, the comparison of similar functions is greatly facilitated.

# Many of the details of calculation are given in the third section of my original memoir; but the results
there exhibited belong to the quintic wanting in its second, third, and fifth term. The results exhibited in
the text belong to the perfect form.
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4+ 68554371 4+ 4855432° 4 365532 144544
4 2434331 4 72342 4 56342322 4 24343
4 (8342¢ 4 43321 4+ 2332)3a4 2{S4144-32017) 32,
Sa= 231056° + 63104°1*+ 43103%2* + 6539641
4+ 539542 4 143953214 28394371 + 82394392
+ 1038732 4 538651 4 44386321 4 36385%1°
+ 3038543 4 893854214 9638532 + 96384231
4+ 96384227 4 2038432 4360383 4 723741
418037220 4 3037652 + 5037643 + 54376421
+1363763°1 + 4837632* 418637521 + 603754
+ 1183754314 T637542% 4-1645753°2 4 36374°1
+282574°82 + 483748° +12036°1* -+ 6036253

+ 9636%521 4+ 92362431 +33636242* 113236232
+ 72565 4164565231 112836520 1883654°1
4172565432 4-2763653° 41205642 42245643
11085541 -84835%82 18455422  110455%3
+144554°3 4 {2382 4 43639 4 12359
4 63548°1 + 635432' 1 63532 4 454°31
4 1254%9° 4 8342322 4+ 43543413

4 {8342 4 435321 4 2332013

+ 2{Z41* +  Z271%sw,

Saf= 235126° + 8312571® 4 103124222 4 243723
+ 6311751 + 6311652 + 225116421+ 225115481
+ 64371532 + 645114732 4+ 15310842 + 6310761
+ 8021074214 9631078°1 4+ 563106°1* 4 30310653
4+ 245706521+ 8051064 1285106422 +19231063°2
+ 963105°81 +2085705°2* +19251054°1 41585105432

+26435T04°8" + 40398 4 5639851° + 52598421
+ 6039832* + 3039762 + 3039753 4104397521
+1203974° + 82397431 +13639742° 25239782
+ 403968  + 48596°21 4386396531 4340396522
+4885964°1 4270596482 +2885963° 1360395°
+ 16395%41 428439582 4680395422 458459543
+168394°3 4 803862 +1205853 432038431
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+1205842° + 1923832 4 2038771 1286387621
412038754 4 288387531 -+ 3880=8752° 1240387421
44863587432 4 3485873 4 372586% 4304386731
+20038622* 4 364386541 4 702386532 1646386422
180458643° +1188385°1 - 684358542 84458573
148838543 41920584¢ 4 36037°3 4400372631
+55257%62* -+ 26437 -+ TT637°541 4565372532
48037422 410245748 + 2643576% +564376%41
F707TST6:32 4 332376571 4 042576542 740376532
1660376428 4+ 5043752 4 936375%3 142037543

HT4436%51 4 44456°42 13803628 17683652
+-47636°548 4+109256°4° -+ 444565°3 4228565242

4168554 4 {60583 4+ 30572 + 637532

4+ 63741 4+ 1437432 4 8ST4P 4 2036°1° 4836492
+ 636%32 + 636531 4+ 12365%:41236547L 4 10365432

4+ 463653° 4+ 203642 4+ 3236423 + 183541 4585532
4+ 2635422 4 1435%8° 4 24554°3)5h + {2382¢

4 4368220 4 1235%2° 4+ 63543 4 6355432* 463532
+ 45431 4 1234020 4 83432 4 45434004 {8342
4+ 43391 4 2SIy I 4 2341 + 321l '

The bar placed over a number consisting of two digits indicates that it is a single expo-
nent. Eax. gr. 3126° represents Zai%55, 311751 represents 3a1'af25z,, and so on.

14. We may regard A as the root of a sextic equation; and since the coefficients of
any equation may be considered as known, when the sums of the powers of its roots are
known, therefore the formulw in the last article may be considered as giving implicitly
the coefficients of the sextic in A. The equation in A being once obtained, we may, by a
transformation linear in A, deduce the sextic in 4 or in #+/. But the high dimensions of
the symmetric functions in & present practical (almost insuperable) difficulties in passing
to the corresponding functions of the coefficients of the quintic. Mr. CAYLEY has
suggested to me a more convenient method, which, however, I must leave its author to
expound himself. '

15. But if, in place of the complete quintic, we take any one of the trinomial forms

¥+ ex +f=0,
a*+da’+f=0,
2+ ca*+f=0,
2+ bat =0,
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to which, by the method of Mr. JERRARD, Mr. CockLE, or Professor SYLVESTER, the
complete quintic may be reduced, then the foregoing formulee may be made available.
For, any symmetric function of the roots may be resolved into a function of the sums of
the powers of the roots, and these sums, in any of the above cases, can of course be easily
calculated. Thus, taking the second form,

2’ +da*+-f=0,
which in many respects is the most convenient, we readily find
31=0, 32=0, 38=—3d, 24=0,
SA=23212=(31)"32—23123—(32)’4-224=0.

In like manner we obtain

and therefore

Sa=4.5%f,
IN=6d",
IN=4.5'0f?,
I2°=1588.6d°f+ 5%,
SN =6d°44. 550 .
Therefore the equation in 2 is
A—2. 5201 — 24N+ 5 N — (58 +5%*)fa+ d°=0;
and since, in this case (art. 11),
7 (€)= —5A,
the corresponding equation for the resolvent product is
0 —2. 5'f0* 42 . 5* A6+ 5°d*f 0+ 5°(68d°+ 5°*) v+ 5°d° =0,
where I have written 4 for #,(x). This equation was first given by Mr. CockLE. See
his paper entitled “ Researches in the Higher Algebra,” printed in the second part of

the fifteenth volume of the *Manchester Memoirs.” Some interesting and curious trans-
formations of the equation may be found in the same paper.

~ Sgcrion II1.
The Symmetric Product for Quintics.
16. We know that, for the perfect form (art. 11), .
a*0=—1ba%-}-ba*bd+5a*c*—bab’c+b* —Ha'A.
And by definition (art. 1),
TI(7)=0,0,0,0,0,0;.

It hence appears that the symmetric product IT is of twenty-four dimensions with respect
to #. 'The partitions of twenty-four, for the quintic, are as follows:—
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MDCCCLXI.

5'4
531
522
5217
514

53421
5%432
54312
5%42%1
5%421°
5°41°
5333
5°3%21
5°3%13
5323
5%32%12
53214
5%31°
5%2'1
539313
532215
5°217
5%1°

5%4°2
5°4%1*
57473
5°42321
5%4°31°
5‘24223
52422212
5'4%21¢
524‘216
5%43°1
5°43%2"
5%43°21%
5%43%1*
5%432°1
5%432°1%
5%4321°
574317
5%42°
542'1%
524214
5%42°1°
574218
524 1 10
5°3'2
5‘23412
5'3°2°1
5'3°21°
5‘23315
523‘22!
523?2312
5‘23‘22?14
523°21°

573718
5232°1
5232%13
5%32°1°
5232217
52821°
523111
5%27
572612
5%2°14
522410
522318
5222110
522112
52114

543
5421
54413
5433°1
54°327
54%3217
54331*
54°2°1
5432213
54321°
54317
5423°2
5423312
542372%1
5423°21°
5423°1°
542321
54232312
54232°1*
5423216
542318
5422°1
5422°13
5422%1°
5422?17
54221°
54211
543°
543'21
54313
543°2°
543°2°12
543%°21*
54316
543°2'1
543°2%13
543°2°1°
543217
543%1°
5432°
5432712

5432"1*
5432°1°
5432°1°%
54321%°
5431%7
54271
542013
542°1°
54217
542°1°
542‘2111
5421%
54115
53%1
53°27
53212
53714
532°1
5312°1°
53'21°
53417
53°2°
53%241°
53%2°14
5332716
53%21°
5331%
53%2°1
53°2°13
5322'1°
5322°17
532271°
53‘22111
53‘2113
532°
53271°
532°11
532°1°
532'1°
53231 10
53221 12
53211
531
521
52°%1°
5271°
52°17
52°1°
52411
523118
52211
5217
51!9

46
4531
4593

4°21?
451¢
4'3°2
443212
4'32°1
41321
4131°
4424
442312
4422] 4
4/21°
4418
4331
433321
433313
433‘223
43322?12
43214
433216
4332'1
4’132‘215
4°3217
43319
4826
432517
432414
432'216
432218
4%21°
43112
43351
423422
4234212
423414
4233231
42332213
433%21°
423317
423?25
£3'2'1
4?3?2314
4:’.3:’2:16
4337218
4"32 1 10
4'32°1
4°32°1°
4%32'15
4°32°17
4°32%1°
4°321"
4‘231!3
4723
4°271*
42514
4%@516

4°2"18

4‘22'&110
4‘:2?112
4?2114
42116
43°2
43512
435271
43°213
43°1°
432!
4312°1°
4312714
43121°
4341°%
43°2°1
43213
43%2%15
43%2°17
43°21°
43°1"1
4327
43%2°1?
4322°1*
43%241°
43°2%1°
43‘?2'}110
43211
4321 14
43251
43271°
432'}15
432°17
432119
4323111
432711
43215
4317
490
4212
42514
4271°
42018
425110
421112
423114
42?116
4218
4170

33
321
313
3'e3
372%12
321t
316
3°2'1

352‘.’15
35217
35] 9
3126
3—12512
342414
342316
342218
321"
31112
3%271
332613
332515
332117
332319
3322111
332113
331 15
3229
322912
3?2714
3?2616
3?2518
3224110
3223112
32221 14
3221
32118
32191
32°1°
32°15
39717
3201
3711

3211

3g°1%s
3g:177
32110
31‘21

. 212

21112
21014
2316
23‘18
27110
2'5112
23] 14
24116
23118
22120

e

124

343
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And the corresponding combinations (differently arranged) are—

alQC:f‘i a1604e4 0146402:64 'd136303d5 ,al‘lb7c§d%f aSbl‘ff?
alsbdf«i alﬁcsdsqf a“b“cd"‘qf a13626'7df a8 c3de? dsblscqf
alee?fG alﬁc‘3d283 a“646‘d283 a136207e2 :411'6762dae as,bl?d ?f
ach%f‘? a1602d5‘f al4b4d?f alﬂb?éﬂdie allb7cd5 a8613de2
alSCdelf'B a1602d4€2 a14b4d4e2 a136265d4 al)bﬁesd a861262df
a'Sce®f? a'Sed’e a*b3c'dfr  a®be’f abc’e’ atbc’e?
a*d*f® a*d® a*bcte? a*®bc’de a'6¢td’e a*bVed’e
alsme%fﬁ aleSe‘f."i a1463c'3d2€f alab‘c7d3 allbﬁcadd 08612d4
alsde‘f/' a1564cdf3 a14b3c3de3 a]3clqe alleCZf aB,bllc4
a'®el a’bieef? a“b3cdif a®cd? a'bctde a*b'c’de
a1762qf4 al5b4d2qf2 a14b3ezd3€2 al2b?f3 al]bﬁc5d3 a861102d3
a1762de'f3 a1564dea~f a14630d5e a12bscqf'2 a]lb4cse a86loc5e
a1762e3 2 a1564e5 a1463d7 a1268d?f2 allb4e7d2 a861004d2
a17602€f3 . a1563c?/'3 a1462c6 2 a1268de?f' allbacgd aSbQCGd
al7bed2f3 a156302dqf2 a146205de.f‘ (l126884 alleCll :aBbgcs
abede’f? abH3ce’f alb’c’ed a6’ df? a6 df? a’bYef
abee'f aBBPedPf? o S e a%pre? a’bMedf
abdef? aSBed’éf  aVbicdie  aPUed’ef  a'BVcf? a’bece?
a"bd’ef avbiedet abicdle a2 ede’ a’6cdef a’bYd%
abde’ aBdef 6%’ d® a?b’df a6 %é® a'bBef
a’cdf’? aSB3dPed abclef a7 e’ a3 f a’bBc*de
acef*? a’b3clef? atbctdf a®boctf? ab'°d%e? a’bBed?
01702d2qf2 a156263d2f2 al4606d82 d126603de‘f‘ 0106903e‘f a7bl2c4e
a’cde’f a*ldef  atbc’dle a%b%ce® A
a'c%e’ ab3clet a*bcid® a?oe e’ df a%°cdeé’ a’bVe’d
al7cd4f2 a156262d38‘f a14cﬁdf a126602d262 ‘a10690d3e_ a761007
al7cdae?f' a15b202d2€8 a14csez al?bﬁ_cd4e a1069d5 aﬁb]ﬁdf
aed?e? a®b2ed’ atc’d’e a'?b%d® abictdf a’he?
al7d5€f a15620d482 a1406d4 a1265c5e a106804e2 a6615e2f
a17d4e3 a1562d66 a13b7c:f3 al2b5e4d2f a106803d2e a6615cde
aleAf}M alsbesdfg a1367dej‘2 a126504de2 :awbsc@d“ a6615d3
a’bcef? a®bete’f a¥b’é a2t ccde a7 ctf a’b¥cle
a S abctd’ef  a®bclef? abcd’ a'*b’c’de atbcid?
ao3def* a®bcide’ aBbed>f? a?biccdf a7 ctd? a®6¥cid
a16b3e4 a15603d?/‘ a13bﬁcde?f a1264cﬁe2 a]obﬁc7e aﬁbl2cﬁ
a*b*c*df? a®bcidie? a®b%ce’ a*biédPe a*6%c%d? a’bef
a'®b’c’e’f? a®bc’dPe a®o’dief a*bicidt a*b’c’d a*bde
a1662cd2qf'2 a1560d7 a1366d283 a126368 a1064010 05616028
a‘b’cde’f a’clf? a®b°ccdf? a3 de a’bcf*? a’b%ed?
a1662ceﬁ alSCBde a]3650302 a12b306d3 af)b]?de‘f a561563d
alﬁb?d“lf'2 a150683 a136502d2€f a]262096 a961263 a5614c5
a1662d382f a15c5d:‘i/' a136502de3 a126208d2 a!)bllc?Qf a4bl?f
%8 d%e* a®cSd?e? albed'f a?bed a’bVed’f a'bce
a16604 3 a15c4d4e a1365cd3e2 a12cl2 a96110d82 a4618d2
a]ﬁbc3de‘/‘2 a1503d6 al3b5d58 a11610€f2 a‘:}blld3e a4617c2d
alﬁbcae?f' a1466df3 a13b4c?f2 allbf)cdf2 a961003df a4bch4
a®b’df? a"tte’f? a®bic'def  a"b’ce’f a°6''c’e? 6%
aSbldief  abef? a®bicte® abdief a*bc*de a*b¥cd
a®bccdet a“bedef?  aBbCdSf a'b%de’ o cd? @*0'%c?
a“bed'ef a'bicef aB¥bicde? abc*f? a°8°cf a*b?d
aSbed’e® a*b’d*f? a®bicdle albicidef a’bc'de a*6%¢?
alﬁbdff a1465d2e%/' a1364cd6 allbsc2e3 a96903d3 a622c
a®bd’e? a*b%de’ a®b3cle a&Sed’f a°bc’e o

a1605e 2 a146403e 2 al3b3c5d2f allbscd282 a96805d2

a’Sctdif? avrdi? aB¥bide’ a''b%de a*b’c’d

aSc*de’f abictdef  @Pbic'dPe a'b’clef a°b°c?

The direct calculation of IT would involve the prior calculation of the equation in A.
But by combining Eulerian with Lagrangian functions, and introducing the resolvent
product, we may obtain the symmetric product without forming the sextic. '
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17. In order to facilitate operations it will be convenient to replace the coefficient of
the first term by unity, and to suppose the quintic to be deprived of its second term;
that is, in effect, to deal with the equation under the form

(1,0,0¢, 4, e, fYa, 1)=0.
Then, if we assume ;
f (“’m) =&+ &" 2 F o2+ " 02 =50,,

where, as in former articles, » is an unreal fifth root of unity, the following relation
will obtain, viz. ;

T =0"B,+0" B+ 0" Bs+a'B,,
7 being 0,1, 2, 8, or 4 indifferently. Developing and reducing by the known properties
of w, we find

2m2=10(3xﬁ4+32ﬁ3),
2a°=15(33B,+ 0636, +BiB:+3364)s
St=3 O(B?BZ"‘B;ﬁg) +20(B1B2+ BB+ BiBs+1338.) +1208,6,8:0,
2at= 5265+100(6?6334+B§Bxﬁs+52ﬁ2ﬁl +ﬁgﬁ462)
+150(Bi3:8+ B2+ BiB5B: =+ BiBi0.)-
And by the method of the limiting equation or otherwise,
2a°=—2¢, 3a°=—38d, 3r'=20"—4e, Za’=>bcd—5f.
‘Whence by comparison with the above,
—0=5(3,B:4P:s),
—d=5(31Bs+ BB+ LB+ BB,
— ¢ =5(336,+ BB+ BiBs+636.) + 3B — 3¢,
'—f =2p— 10(B?ﬁaﬁ4+ﬁgﬁxpa+ BiB:f1+B3B48:) +1ed,
=23+ 10(B33:8,4BiBiPs+BiBiB. 4 Bif33B:) — ked *.
18, If now we suppose one of the constituents, say 3,, to vanish, and eliminate the

remaining ones, the effect will be the same as if we supposed the symmetric product,
expressed as a function of the coefficients, to vanish. For

SNCHCNCNCRT R

* The formule here exhibited are Evrer’s, or rather EvrEr’s as simplified by Mr. Cockre. They indi-
" cate the connexion between the coefficients of the quintic and the constituents of its roots, Those consti-
tuents, by LAGRANGE’S process, are expressed as rational functions of the roots. It is to be observed that
EvrEer’s functions are cyclical. In fact, applying 2' to the cycle

...12481243...
the relations may be written thus:—
—20=5%p\f,, —d=53B1f,, —e=58B15,+306,5,8:8,—1c%
—f =36°—103B1B,5,+ Led=36" +102'3} Bs 8y — Led.
And by the working properties of =,
ed= 5381658, By+B,05) =5"' (3 B;84+F163By)-
3382
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so that the evanescence of f3 involves the evanescence of ¢, and consequently of IL
Making B, vanish, the equations at the foot of the last article become

—c=560,3s

—d=5(BB:+L:G),

—¢= 5()6?62'{‘6163)—%023

—f=Bi+Bi+Bi+28:Bie+ed.
And the elimination of 3,, 3,, 8, gives

_ II=kx
+ 1" — 65 ¢d f— 10 2+ 626cd | fi=0.
— 16 % + 560 c’de +125 ce —3125¢de
+ 2 d? — 85 ¢’d?® + 150 ¢'d?
4+ 96 ¢8¢? —1340 c¢'de? —500 c’e?
— 9 c'dPe + 510 c*d’ —750 c’d®e
— 1 bt — 70 &5 —125 cd?
—266 c%* + 875 cde® 4625 cé®
— 19 d%? — 175 ed®e? 4625 d%’
+ 23 c'dle 4+ 50 d%
+336 ctet — 250 dét
- 2 38
— 58 *d%?
+ 14 @'
—160 %
— 7 cdb
4+ 35 ca%*
+ 1 48
— 10 4%
+ 25 ¢

In order to determine % (a constant numerical factor, dropped in the course of calcula-
tion), let us take the particular equation

2’ cr*=0,
for which we have (art. 11)
: 0=56¢,
and consequently
II=5%".

Then since, in this case, the coefficients d, e, f severally vanish, the foregoing formula
gives

M=Fkc2;
and therefore

k=5*%,

% The symmetric product for the quintic, deprived of its second term,
&*—5Pa?— 5Qa*—5Rx + E=0,
was first calculated by Mr. Cockiz. See his paper “ On Equations of the Fifth Degree,”” published in the
Appendix to the Lady’s and Gentleman’s Diary for 1858. In the second section of my original memoir I
have verified his result by an independent calculation and supplied the constant numerical multiplier.
Mr. CockLE presented the product in the form of a function of P, Q, S and E, S being given by

S=P’+R.
Following the notation of my friend, I gave the product in the same form. But the passage to the
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19. We have thus obtained the symmetric product for the quintic wanting in its
second term ; but it seems desirable on many grounds to calculate the product for the
perfect form. A variety of methods of performing this calculation might be suggested.
The reversal of the problem of transformation appears, at first sight, the most easy and
practicable, and if in the foregoing expression for IT the following substitutions be

made, viz.—
")

&

2
——5—+0 for C,

3 3b
%-———5—0+d for d,

35t 382 2bd
-——53'—!—’-53—*3——[—6 for e,

48 e 0% be
BT E—y +f for f,

the result will be the symmetric product for the complete quintic
(]-a ba ¢, d: eafjixa 1)5._____0.
But it will be found on trial that this process, though apparently simple, does in point
of fact involve prodigious labour. Mr. SAMUEL BiLLs of Hawton, who kindly undertook
to assist me in the calculation, communicated to me in the early part of the present year
that portion of the expression into which f* enters. But the difficulties of the calcula-
tion and the want of means of verifying successive results have led him to abandon the
work as impracticable. An equally effective and a much more expeditious process is
supplied by the following considerations.
20. Tt occurred to Mr. CockLE that the symmetric product for the perfect quintic
2" —5Ma*—b6P2*—56Qa*—5Rer+E=0

corresponding expression in P, Q, R and E is easily effected, and I find that the result (as yet unpublished)
of the transformation is—

N=>5"x%x

+ 625 P2 +325 PQ E+2 P 241 PPQ L3
+2000 PYR +560 P'QR +5 PR +1 PQR
— 250 P'Q? — 85 PQ® +6 P2
+2400 P*R? 4268 PQR? +4 PiR2
— 225 PIQR —102 P'Q*R +6 P:QR-
— 25 pPQt + 14 PQ° +1 PQt
41330 PR3 + 35 PQR? +1 PR?

95 P’QR2 | — 7 PQR? +1 Q2R2

115 P*Q‘R + 2 Q@R

336 P'R* + 2 QR

10 P*Qs
58 PQ’R*?
14 P2Q‘R?
PR
7 PQ°R
7 PQR*
1 Q8

2 Q'R®
1 R®

e B I S QU s
8
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is given by the expression
=D M4 Do 20— Do

‘1. 23"'&"

where # is the symmetric product for the 1mperfect form treated of in the foot-note under
paragraph 18, D is the differential symbol

o ey
and the relations -
DP=D(—1322,)=—4£32=—4M,
and others corresponding to them, hold. Mr. CockiE had further noticed that D# is
to be regarded as free from M, a condition substantially equivalent to the expunging of
the portion :
50,4409,
of the operator 7 which will be presently considered. Although he had not accurately
completed this process of derivation, yet he had made a near approach to its completion,
when Mr. CAYLEY, to whom as well as to myself Mr. CockLE had communicated it,
showed that the same results might be more immediately and conveniently obtained by
means of the quantical calculus, and in so doing he incidentally corrected an oversight
which I had already pointed out to Mr. CockLE. In a letter under date September 28,
1859, Mr. CayLEY called my attention to the circumstance that the several coefficients
of the resolvent equation of the quintic are leading coeficients of a covariant. Mr. CocKLE
had previously suggested that the symmetric product II, or the last coefficient, was such
a term. The test that a function of the roots may be such a term is that it is reduced
to zero by the operation
O+ 00t 0us+00i+0use
It is clear that this is the case with respect to each factor of the product

b=f) ") J(&") S() =53,
Therefore it is also the case with the product itself; and since the like is true with
respect to the other five values of 4, it is also true with respect to any symmetrical func-
tion of the six values. Consequently each coefficient of the sextic in ¢ is the leading

coefficient of a covariant. At present, however, we have only to deal with the last
coefficient, that is, the symmetric product.
21. II is a seminvariant * reduced to zero by the operation

* The term “Seminvariant”” is due to Mr. CAYLEY, who in a letter to me dated March 22, 1860, says,
“The meaning is a function which is reduced to zero by one only of the operators which reduce to zero
an invariant. It is in fact the leading coefficient of a covariant. It may also be defined as a function of
the coefficients which is not altered by the substitution of #+% for #.”” Defined as functions of the coeffi-
cients which are not altered by the substitution of #+7% for », seminvariants are what Mr. CockLE (who
discussed such functions some years ago in the third and concluding volume of the ¢ Mathematician,” and
more recently in some of the other journals referred to in the foot-note under the first paragraph of this
paper) calls “ecritical functions.” I may add that some years since Mr. CockLE pointed out that the
factors of the resolvent product, and, consequently, the product itself, are critical functions.
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and if we write
O=TIL,+IL,0+ 104 . .. 4117,

I1, is known, being what IT becomes when the quintic is deprived of its second term,
and IT,, II,, ... T, may be found from it by means of the formulse

M=—; VI,

I, = — 5 (V'IL, +43.T1,),

. | |
M,=— = (VII,_,+4,1,_,),

wher:> ‘
V=V — (50,4 460,)=3¢0,+2d0,~+¢€0;.
Assume
H0=AO+B0JC+ Co 2+Dofsa
and '
V'=V'—edf=38¢d,+2d0, ;
then
—50,=VT,=  V'A;+Be
+f (V'B,+2C0)
+f(V"C,+3Dy0)
+fs VHDO ;
and if we write
H1=A1+B1,f+01,f2+D1_f33~
then will
—2.,5M1,=V'11,449 I1,= V'A,+ Be+49,A,
+F (V'B,4+2C6+4.B,)

+F*(V'C,+ 3D+ 43,C,)
+1*%V'D, +40.D,);

H1=At+Btf+Ct‘ 2+th3>

so, in general, if

we shall have
=5(t+ 1), =V 44,0, ,= V'At Bio+40,A,.,
+f (V'B,+42C,¢4-493,B,_))
+7¥(V"C,+3D,e+43,C,.,)
+f(VDARD., ).

These formule will enable us with comparative ease and great rapidity to derive the
symmetric product for the complete quintic from that for the quintic wanting in its
second term. ‘
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22. But it is noteworthy that the complete value of a seminvariant or critical function
may always be deduced from the result obtained when eny coefficient (excepting only &
the first) vanishes. Thus, for the equation

(@, b, ¢, d, e, &, 1)°=0,
V=500, 460,+ 3¢0,+2d0,+€0y;

the operator is

and if ex. gr. we write

I=1,+ILd+Ld*+...
and suppose I, given, all the other terms can be found. For, in this case, let

V'=V—(8¢0,+2dd,)=5ad,+46d,+€0;;
then

VI, 4dv'L+dvL+...
vi={ +3¢I, +2dI,+3aT,+...) =0,
42 (BI4dD I, +..)

3cl,=—-V'T,

60:[2: —V'Il '—23910,

90l,= —v'T,—23,1,, &.,
which give I,, I,, I, &c. And it is easy to see how to obtain the corresponding formulee
for the other cases, viz. when the given function is free from either ¢, ¢, or f- The
extension of the process to equations of other degrees than the fifth presents no difficulty.

23. In applying the formule in art. 21, it will be convenient to omit the constant
numerical factor 6% The calculation may be thus conducted :—

and therefore

- Terms in II,.
B C,

A, 0 D,
I | cd — 65 ¢ — 10 d 4 625
% — 16 cde 4+ 560 e + 125 cde — 3125
P+ 2 ¢d® — 85 c¢'d? + 150
S 4+ 96 c'de® — 1340 et — 500
cdd — 9 cd’e + 510 c’d? — 750
¢’dt — 1 cd® — 70 cd* — 125
e — 266 cde® 4 875 ce®  + 625
cfdie?— 19 cd®® — 175 d*¢* + 625
ddle + 23 - d'e + 50
clet + 336 det — 250
Sdb — 2
cd*e*— 58
cdie®+ 14
c¢e® — 160
ede — 7
cd?e* + 35
dd 4+ 1
de — 10

et + 25
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Calculation of IT,.

3c0q 240,
— e
V"A0+B08 A, , Bo ' -—5Al Al
cd + 12— 32 =|— 204+ 4
) — 544 384— 65 |+ 265— 53
rd3 — 12— 18 — 30+ 6
’de? —114—1596+ 560 |[—1150+230
cdle +276— 76— 85 (4 115— 23
cds — 36+ 46 + 10— 2
c'de® —34842688—1340 [+1000—200
Sd®  +168— 3484 510 |+ 330— 66
c’dbe —1264+ 56— %0 |— 1404 28
det  +210—16004+ 875 |— 5154103
ed? + 24— 14 + 10— 2
cd®®  —120+ 280— 175 |— 15+ 3
d'e? — 604+ 50 [— 104+ 2
de* 4 300— 250 |+ 50— 10
3Cad 2dae
S——— | Qe
vIB,+2C,e B, C, —5B, B,
¢ — 195 =!— 195+ 39
ce 41680 — 20 |4+1660—332
*d? — 76541120 + 355— 71
c*e? —4020 + 250 |—37704754
¢'d?%  +4590—5360+ 300 |— 470+ 94
Adt —10504+1020 — 30+ 6
&3 +2625 —1000 |+1625—325
&Ede®  —1575+5250~-1500 |+2175—435
cdle + 750— 700— 250 |— 2004 40
cet — 750 +1250 |+ 500—100
ds + 100 + 100~ 20
d® —20004+1250 |— 7504150
3¢y 2d0.
\———-—v—-—-} 3e
VC,+3D,¢ C, D, —5C, C
cd + 900+ 250 =|4+1150—230
éde —4500—200041875 |—46254925
Edd —1500—1500 —30004600
cde? +3750+3750—9375 |—1875-+375
de +2500 +2500—500
3c0; 240,
v'D, D, —5D, D.
¢t 41875 =lri1875— 373
e —9375 —937541875
cd? —6250 |—6250+1250

351

Following the same process we obtain the successive developments of II;, [T, ... IL,.

MDCCCLXI.

3¢
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Then introducing the first coefficient () of the quintic and restoring the constant
numerical factor (5°), we have, for the complete form

(a, b, ¢, d, e, Y&, 1y=0,

the symmetric product

IT=; multiplied into

5% %

+1++ 1

aedef?
a18023 2
a18d2e?f2
a®de’f

al8 eﬁ

+57x

250
50
375
250
75
20
100
30
2
125
100
150
175
32
25
35
7
10
2

T4 LI+ +1 L +++1+

F++11

ATBdef?
al76263 2
a17 b 02 qfa
abed*f?
a?bede’f?
abee'f
al76d3€f2
a’ode’f
abde’
ATSdf?
al7cae?f2
acd?ef?
avc*de’f
a'c’e’
aed*f?
aed’Sf
al7cd264
al7d5€f
a'’d*et

+5°%

FlA++T+ 1+ T +++1+1

aBeef?
P
1663d 202
31663848'}“
wb? 2d 3
216622:29‘2}0 2
als b? e dﬁej"z
a®bede’f
a1662ce5
A B
@'’ def
a1662d2e4
abeif?
alﬁbcildqf‘?
aleCBe3
abc’d3f?
a’b’dief
abc’de*
abed’ef
a®bed’e®
a*bd’f
a%hd’e?

+H 1T+ ++

2609 5%
744 a“bic’d’e
84 abicd!
785 a6
995 a?b%c’de
70 a1263cﬁd3
380 a'b’c%
10 a25%%q?
20 a%be''d
5 aﬂcl?

+ 5% %

3550 a‘ls 65 cadfi

4+ 125 @cef* 5 x | + 5456 aisbfc:e?f
+ 150 o'%c*d?f? |+ 1149 a®b°c’d’ef
— 1340 o°¢'de’f | — 750 a¥3°df® | — 958 a136202de3
+ 3836 a'’c'e* | — oyQ oM | — 48 alzbscd:fz
+ 510 a¥Cd’f | — o475 a¥bPSift | — 219 @ Ocde
— B8 B¢ |y 45 abelef? |+ 1% a0de
— 70 acdf — 880 a“Bee’f | — 1143 a’bic’f?
+ 14 o274 + 400 a“bsd?fg + 9717 aBbicide
_ o aedse — 540 ‘al4b5d232f — 3002 a®bicie
+ 1 @8 4+ 102 a“b’det — 426 a“bSdf
+ 1495 a“b“cae 2 — 1480 a131)4c3d282
+ 5% |+ 4320 a*b*cdir? | + 138 albic’dle
— 8250 a¥bedelf |+ 8 abled’
+ 1000 a’Pef® |4 1568 @Mb%et |+ 4690 a¥5cef
+ 5125 a®bledf® | + 1195 a“bledief | + 1240 aPUiCdYf
+ 1275 a®b'ce’f? | 4 6 aMbledi® | — 2950 al*bde
+ 100 al5b4d2€f‘2 — 58 a“b“df’f + 40 al3bﬂc4dae
+ 790 a®B'def |+ oy a¥baie |+ 40 a¥Pcd
— 156 a¥bie’ |+ 3740 ab%cidr® | + 1585 aPUc’df
+ 3875 a¥8%c3f? — 7165 a¥¥icteF | — 1715 a®bce
— 2775 o°BEdef? | — 1260 aBcdlef | — 195 a0c’d’e
+ 2135 a®6°P¢f | 4 1635 aMbde® |+ 50 aPbcd!
— 2550 a°Bed’f? | — 40 oMBedy |+ 195 oS
+ 2140 aPVcd’ef | 4 490 aMbieidie? | — 265 aPbc’de
— 445 a®bcde* | — 100 o¥bedie |+ 30 a:36c7d3
— 260 a®bd’e + 485 aMB%Fr | — 80 aPcle
£ R re | < g wrdiy |+ 10 20
A ig;g zlsbzriaflfzfz i 3;;3 214222423 s
+12075 AFCAES | 4 1040 avBeide +Ex
alb’c'd’e
— 2680 a0’’’ | — 265 a“bcdle | — 56 a0
— 8030 a¥B’cd’ef | + 5 @MBd® |+ 17 a®Bcef?
+ 140 oPPSE% | — 1660 dMbclef |+ 123 aPBPdf?
4+ 420 @®0%cd’f | — 355 a“bc’d? — 270 a®bidef
— 100 a®bcd’e® | + 1150 a™bc’de® |+ 37 a0%*
+ 20 o®0*d% — 115 a¥bc’d’e | + 1456 oPbcPdf?
— 1150 @*b%df® | — 10 a¥bc'd® | — 2063 aPbEf
+ 3770 a®bc’e] — 325 acdf — 444 dVedef
+ 470 d®bc'dief | + 480 aMce + 241 @®*edé’
— 1000 a®be'de® | — 45 aMc’de + 12 dY
4+ 30 aiigczéz - 5 atc’d® + 80 %Wde
— 330 aPbcid’e + 1117 ™65
+ 140 a®bc’de +55% - 5903 a%c’def
— 10 a®bed” + 1515 a¥65c¢®
— 50 a¥cf? + 630 o'%07¢f? + 113 a"8%*d%f
+ 2800 a“c’def + 90 aB¥def? | 4 811 &*0°%*de?
— 1330 %% 4+ 116 a®¥f | — 13 aled’e
— 425 a°¢dY | — 355 aSclef® | — 2 a¥btdd
— 95 a¥Pd*¢ | — 1275 a®0%ed’f? | — 5577 abclef
+ 115 a¥c‘'dle + 2481 a®t°cde’f | — 1616 a“b%c*d*f
— 10 a¥®cd® — 399 a®bcet + 3047 abc'de?
1 — 114 a*®°d% 4 162 o¥®bc’dle
— 10 a®°d? |- 36 abcid®

3060 a“b'c’df

il +t1++tr++11++1101+11++1+

2 allbloqf2
276 aBlcdf?
384 a''t%ce?

58 a''b’d’e
22 a"'b%de?
556 a5l
1971 a'6%c*de;
421 ab%:%3

4 a"0Ped?f
194 aY08cd?e®

2 ab’dle

3629 a'Wiclef
1047 a"07cdYf
1623 a''b7c*de?
147 aV'b'c*d3e
10 a%¥7ed?®
3143 a"05%°d
2206 a"b%c’e?
897 a116604d23
52 a'btcPdt
1372 o"'bc’f
1588 al'b’cSde
48 o'8°c°d?
794 albicle
52 avbic’d?
100 o'6%d
30 a]lbzcll

+5%x

AL+ L+

100 a5Vdf?
140 a'8Ye?
750 alOblOCB 2
1710 a6 %def
305 a'%ce®
10 aloblods
85 a'%6'%d%e*
6985 @ Bocef
1830 o0°c*d’f
2355 a'%°c*de?
220 ab°cd’e
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— 4 d"°d% | 43555 o*bdf | —8755 a*blef +5% " +5%x
—9550 abic'df | —1816 %3¢ | 46265 a%blcPde |

4 - - — 4719
+ 5670 a'%cte* | — 825 a°bVc*d’e| + 270 a*bMd® | — 26 o°0"df 52 aé,gf
+2640 ambscsd'ze + 2 agbl"cd" +‘9620 aablocse -+ 9 aﬁbme’ + 6 a4 isceg
— 60 a%Cd* | +4282 o’BCF | +2410 ofb0cid? | — 394 a%%cf | T @hd
—6835 o b7ctf —3766 a%%%ide +5700 a*Lo%cd + 142 ab¥ede i ?}gg a421604£l
47025 ¢cde | — 112 a%8°c*d3 13450 a%0%° i 79; azgiid: a*0"°¢
3 1027 4,73 —3716 95865 a c’e 2
14808 31025273 — ;78 29692522 +50% + 196 af3Meiqe +5 Xé
+ 700 a085cSd? | —1400 o°07¢’d 4-1140 ¢%Betd | — 2 a6
. 7715 6712, — 20 a*Y%d
10758 — 6 97,609 + 52 a’bYef +1345 %M
+1100 ¢6°c*d 50 a%% o v — 130 B
4 405 a5 e 11193 aTZb;Mthgf - a’b’8¢
5 +5°x _ 22 Z%“fige T tox
X 80 a0 | 42330 @o%F | + 190 abf | 1 4 oPd
— 105 a%B%f? | — 990 a'bcer | —1265 o7bide | — 8% &0de | 4 81 420
+ 120 &B%def | — 120 oSBPdF | — 54 ab%ed® | — 596 a’bic%
— 18 a®B%¢ | + 108 ’b%de | —3374 dib%le | — 118 a%6l%d? +5x%
+1590 a®blicef | —3985 a'6Pldf | — 892 apidar | —1400 @’0¥Cd ‘T g ey
+ 330 a%bled’f | +1772 a’bP¢¢ | —3100 die’d | —2550 @bt

— 854 a®blede® | + 657 a*bled®e | —2550 ’6Vc +1x
— 22 a*bVdPe + 3 o®oudt . (+1 )

24. A partial verification of this value is afforded by supposing the last two coefficients

of the quintic, viz. ¢ and f, or (what in effect is the same thing) two of its roots, say
z, and &;, to vanish. 'We have then (art. 11 et seq.)

0,=0,—= %(aa-{-{)dx‘z),
by=0;= alﬁ(a“+5dxa)7

0,=ty= s (aa+5d1,),

where I have for the moment written a in place of
5a*bd+5a’ct—babie b

And, consequently, in this case the product is

;ﬁ; X the square of

1 1

— 8 afdt | — 285 ofBd | —11.5% &*b5cP

+ 5% dfbed® | — 3.5% ofb%° + 2.5 a*0d
4 B ddd® | + 5% a*°d® | +18.5 a%h%*

+2.5% a®bc*d | +14.5% 0%’ d | — 3.5 abd'e

+ 8% b +18. 5% gidict + 1 8%

— 2%, 5% a®bted? | — 2% 5% a387cd

| |

Developing this expression, all the terms in IT not affected by ¢ or f will be verified.

* Tt is noticeable that the following combinations do not enter into the above expression for I, viz.
aquf‘ alsb&?f"i alsdys a}ﬂb‘i 4
a®bdft  acft a"eft aM¥dl.
~3c¢2
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25. But a more complete verification is obtained by taking the sum of all the
numerical coefficients that enter into the expression for II. That sum is
—4761104,
as it ought to be. For the roots of
(1,1,1,1,1, 1%, 1)*=0
are
-1, o, —a, &, —d?,
e being an unreal cube root of unity; and for this particular form we have
0,=11-10e," b= 21410e, 6,=1,

0= 29, 4=— 44+20¢, 6=—24—20c;
or
0,0,=331, 0,0,=-—29, 0,4,=496.
Consequently
I1=14,4,0,0,0,0,—= —4761104.
26. Another convenient verification is afforded by writing

a, 5b, 10c¢, 10d, be, f

a b ¢ d ef
respectively, when the sum of the numerical coefficients of the several powers of £ should
be zero*. And the transformed result will be worth having for its own sake, as belong-
ing to Mr. CAYLEY’s standard
(¢, 0, ¢, dy e, f Y, 1)".

* Not only the sum of all the numerical coefficients, but the sum of the numerical coefficients of eack
power of f, is zero. The reason is, because the roots of

(1,1,1,1,1, /Y 1)’=0

—1twm/I= -1,
and therefore 8=0. So that in this case the symmetric product vanishes identically.
In relation to the foregoing property, Mr. CAYLEY remarks as follows :—More generally the forms

(1, O> O’ O> O: 1+./Ix: .7/>51 (17 1: 1, 1’ 1:fIa:', y’)s
are equivalent, the modulus of substitution being unity, as is at once seen by writing

for

are included in the form

=z + y!
9= ¥
and the leading coefficients of any covariant of the same two forms respectively are therefore absolutely
identical. That is, any seminvariant of the form ‘
(“: b: ) d: e}f}(x, :V)s

will have the same value, whether we write therein
(a, b, ¢, d, &/)=(@1,0,0, 0,0, 1+f),

(@b0def)=01,1,1,11, f);
whence in particular a seminvariant which vanishes upon writing therein (3, ¢, d, €)= (0, 0, 0, 0) will also
vanish upon writing therein (o, b, ¢, 4, ¢)=(1, 1, 1, 1, 1) ; that is, in such a seminvariant the sum of the
numerical coefficients of eack power of fis zero.

or
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That result, arranging the terms according to descending powers of £, is

355

514
H::F*X
— 4 a®de — 48 a'%bct
+ 4 a"bde + 8 a®b%
+ 12 a'bc%e +164 a"bted
+ 16 a'bed? + 248 a%bc® -
(| + 16 a¥ca 2760 apea DS
— 20 a'%bce —396 a"dde?
— 16 a'%b%q? +252 a¥e
—120 a*b2c*d — 56 a°
| I
1 1 ]
+ 2 a'®ce® + 168 a'®dcd’e | — 1328 a'b%cle + 6208 a"d3c® + 50 a'5Y%
+ 4 a%P¢ |+ 96 aBd' | — 6176 oGP |+ 180 abide | — 27600 a"bcd
— 2 a7l + 592 a'%bcdde | — 2944 a¥bcPd — 1420 aB8%%e | —111200 g5
+12 a'bede® | + 768 a%bc’d® | — 256 o7 —10200 aB0%d® | + 5000 a"d
+( —32 a"bdPe | 4+ 160 ofe — 54 "% —56800 aB3b5c3d | + 75000 10502 )f2
—32 a'lcPe? + 384 '%td? + 36 g"bcde — 36576 @'3b4c° — 26250 a%b%c 4
Er N o R
- a'e + a e + a b c’e + a
—20 a'b3de® | — 888 a%b%c*de | 413824 abic’d? 458240 op7cd
—12 a'%b%c%e? | —1632 @¥8%cd® | +23936 ob3c'd 489360 q'2g5c*
] I | I |
1 ' 1 1
— 4 et — 832 a¥bidle — 212480 a"dc’e — 2361200 a2b°*de | —38200000 o%%%*d
— 8 a'bcet 4 38640 a'®8%’de* | — 90880 abc’d® |+ 90400 5% | —54680000 a'%7¢’
+ 24 abd%? — 19392 a*b%c*d% | — 166400 gYc’d — 4461600 a2 |+ 150000 a°'%de
+ 280 a'c?dé? 4+ 5376 a®b’cd’ + 580 ab7éd — 2585600 a'b5%c'd® | + 3975000 ablc’e
— 112 a'cd®e? + 24128 ¢%bce? + 49620 a®b%ede? | — 9792000 a2bic®d | 4+ 1650000 a°bYcd?
+ 64 oYd% +  §016 o¥bcid?e | — 4560 aBh°d%e | — 5024000 o538 +35550000 a°6'%*d
+ 12 453t + 768 abcidt 4+ 218240 a®bce? |+ 96000 o8%e® | +85640000 a'b%°
— 628 a%h%cde? + 71680 a'®c’de + 91920 a3bicAd%e | 4 29000 o'8%2%e | — 1237500 afb'%ce
+ 128 a'8%d3e* | — 21760 a®c’d® — 7680 a®cd® | 4 1971000 oMd8c*de | — 3800000 «%5%d?
— 520 a'%bcie® — 1760 a"d%ce® +1554720 a®®b'c'de | — 8000 a'd%cd® | —19925000 ab¥c*d
—1392 a'%bc’d?e* | — 2160 aM0°d%* | — 136320 a'®b%c*d® | + 7258000 ob¢'e | —87550000 o3hVe!
+ 256 a“bede — 66000 a¥dic*de® | +1500800 a®b’c’e | 4+ 4188000 a''d7c*d? | + 162500 o’h%e
— 256 a%d* 4+ 19120 a'b'cd®e | + 793600 oB8Pc*d? | 425144000 a''t6c*d | 4 6175000 o’b'cd
—8576 a'®clde® — 1856 a*p%d® +2028800 a®b%c’d | +21952000 o557 + 58475000 7%
46528 ac’d3e — 114640 o“bcte? + 499200 a"bc? — 17500 @012 — 812500 4%'%d
—1792 ac*d® — 40320 oMd%cd% | — 13500 @288%de® | — 855000 ¢'%%%cde | —24625000 ath'%c?
+ 316 a%b'de’ — 2560 a'bic?d* | — 206300 a2b7c%? | — 10000 &4 | 4 5937500 a*tVe
+1708 alb3c%e? —529920 ad’c’de | -~ 88800 a%b7cd% | — 6985000 al03e | — 625000 a'5"?
+ 3424 o"Bed®® | + 92160 gMb’c'd? + 4800 25744 — 3660000 ¢'%p%2d?
L. | | | |
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1 7
1 a'%° — 4720000 a®*b’’dé? 112000000 &™5%"d?

+ =+
— 4 a"bde + 128000 @®bc'd’e | 4+ 352000000 a&°c’d
- 128 a¢%’ + 256000 «®0°c*d® | 4 259200000 @'°b%c'®
+ 56 aed’e* | — 5488000 a¥bce* - 56250 a’b'%e®
— 32 aVd'e — 1248000 a®4°c’d% | — 4425000 a’6'cde?
+ 282 a'®h3ce® + 640000 a®b*c’d* - 550000 a®'d%
- 76 oS8’ — 3392000 a®bc’de — 45400000 @°6"c%?
+ 824 a'%bc*det + 768000 a'®bc’d? — 41250000 a’b'°c*d%e
-+ 48 a%bed’e® — 2048000 a'ce -+ 200000 a°6'%d*
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